
C.  GENERALIZED EXPRESSION OF OUTPUT MAGNITUDE VERSUS ARRIVAL 
ANGLES 

We can re-write Eq. (4) more compactly as                                                             
(5) 

  
Using the identity of   
  
Equation (5) can be expressed as 
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ABSTRACT 
 We present a simple, but elegant method to describe the fundamental concepts of a phased 
array antenna system. Our method relies on speakers appropriately spaced such that when fed 
by an audio source gives an acoustic energy pattern one would expect from a phased array 
antenna system. The energy pattern being a major lobe at the center, with multiple minor lobes 
separated by null points on each side of the major lobe. The proposed system is relatively easy to 
build and test than a comparable radio frequency system. As the student walks across the front of 
the speaker array they have a full sensory experience of the null points, the minor lobes, and the 
maximum response at the center of the array. It is extremely profound for the student to hear a 
loud tone, then move their head several inches and perceive the complete attenuation of the 
sound. 
 Keywords:  Phased array, antennas, antenna arrays, beamforming. 

INTRODUCTION 
Phased array antennas provide a practical method of achieving gain and directivity. Furthermore 
phased arrays have a wide variety of applications in other areas such as underwater acoustics, 
biomedical ultrasound imaging and other beamforming applications. This area falls under the 
category of adaptive signal processing, and array processing.  More information about this topic 
can be found in references [1] and [2]. While it useful to cover this concept in an undergraduate 
antennas course, it is however, a challenge to build and test the directivity and gain of this system 
for practical RF systems. It requires relatively costly instrumentation and an antenna range that is 
free of obstructions and these may not be readily available in many, particularly urban schools. 
This infrastructure may also not be economical for many schools.  Hence, instructors have to 
resort to computer simulations to illustrate this concept. While simulations can provide design 
flexibility as well as accurate and precise characterizations of phased array patterns, they may 
not necessarily give the student the necessary insight and understanding of this topic. This paper 
proposes to use an acoustic phased array system as an alternative to RF antennas. It is easily 
implemented using ordinary speakers, readily available construction materials, and the common 
waveform generator. We first present a simple, easily understood, and elegant mathematical 
derivation of the proposed phased array pattern, followed by a speaker system that emulates a 
phased array antenna system. 

A.  PHASED ARRAY MODEL 
  
Our array is shown below in Figures 1 and 2. Figure 1 shows eight antennas with an arriving 
wavefront, and Figure 2 shows a magnified view of the first 3 elements illustrating the angle of 
arrival and the relative phase delays as we get further and further from antenna #0. Note in this 
particular illustration, the antennas are separated by a distance of     and the angle of arrival,  is 
approximately 45 degrees.   

B.  POWER OUTPUT WHEN THE ARRAY IS POINTED DIRECTLY TOWARD THE SOURCE 
  
Before we look at the more general case where we can point the antennas in various directions, 
let’s take the simplest case first, where the antenna is pointed directly toward the source.   
  
If the antenna is pointed directly at the source, then angle                         radians, and therefore,  
.              . Thus, regardless of antenna spacing or wavelengths, the exponential terms in Eq. 4 
will be 0, and thus                            . 
  
This is something we would intuitively expect, that is, eight antennas should give us 8X the 
received power as compared to 1 antenna. 
  
Let’s now consider what happens when the antenna is not pointed directly toward the source.  
Do we still get more received power with 8 antennas as compared with only 1 antenna, and 
could there be some angles where everything gets canceled out such that              Let’s do 
some additional analysis on Eq. 4 and to determine an analytical expression for    versus arrival 
angle   

CONSTRUCTION AND TESTING 

If the array were pointed directly at the signal source, angle of arrival would be θ=90. Note as 
we move from antenna #0 to  #7, the arrival distances increase by Δ cos θ. Note also the time 
delays are proportional to increasing distances. You can observe the differences in arrival 
distances of antenna #0 and #7 to be    . 
 
Let’s assume no signal attenuation, and for reference purposes the signal arriving at the first 
antenna (antenna #0) has zero phase delay thus giving us                                                (1a) 
The signal arriving at the second antenna (antenna #1) will then be                                  (1b)                         
 
the phase delay of     due to the added distance of  .         .  We can readily see that at the 8th 
antenna, the received signal would be                                                                                 (1c)                                      
         
In terms of phases, we can express the sum of the antenna outputs as 

                                                                                                    (2) 
 
Instead of expressing the received signals in terms of phase, let’s express the phase delay 
of     in  terms of the relative traveling distances.  It can be shown that  
                                                                                                                                              (3) 
giving                                                                                                                                     (4)  

  
   
As a check to verify the validity of  our derivation, let’s see if in the case of               if Eq. (6) 
gives us the same answer as Eq. (4) 
 
Note that                                                                                   (7) 
 
Substituting                into Eq. (6) we get  
  
The question now becomes what does the radiation pattern look like for various values of    ? 
Note that     is some fraction and/or multiple of a wavelength.  In other words,               where 
typically the array spacing is                         giving us   

The speaker system for the phased array is shown in Figure 
4. Note that the actual measurements were performed on a 
football field where the wide open spaces reduced the 
occurrences of reverberations. The separation between 
speakers is approximately λ and is connected in parallel.  
Since we used 80 ohm speakers, the overall load to the 
audio source was 8 ohms. We used an audio sound meter 
to record the sound power as a function of angle or 
horizontal distance across the speaker array.   
 

Figure 1: An array of 8 antennas receiving 
 a signal that is θ radians from the normal. 

For many students, beam forming is a difficult concept to understand.  By using simple 
apparatus, the student was able to obtain a full sensory experience of this concept particularly 
in the case, where the volume perception goes from extremely loud to complete silence in only 
a matter of inches traversed. This experiment turned an abstract equation into something 
readily understandable. The measurement process and results gave the student a practical 
appreciation of how phased array systems can greatly increase the ERP of a signal.  Finally, 
we used relatively simple math to derive the beam forming equation.    
  
Future work would include: (a) adding a band pass filter to the speaker system to minimize 
background noise, and (b) adding variable delay elements to the system and allow for steering 
of the beam pattern. 

Figure 2:  Expanded view of antenna array showing 
the angle of arrival angle θ and relative arrival distances of 
0, Δ cos θ, 2 Δ cos θ,….for antenna #s 0, 1 and 2. 

Figure 4: Speaker Array 

We first energized the array and noted the location of the null points.  We then generated the 
ideal pattern in polar form and then used arrows to point to the measured null points.  This is 
shown in Figure 5.  It was extremely profound for the student to hear a loud tone, and then 
after moving a few inches, have the sound go completely away remarking, “I totally get it.” At a 
much later time and under different weather conditions we then did a second set of 
measurements, except that in addition to recording the locations of the null points, we 
recorded the locations of maximum intensities between null points. Specifically, the student 
moved across the array and recorded the sound levels as a function of horizontal distance 
relative to the center of the array. These were then plotted as shown in Figure 6. Because of 
the relatively large and varying background noise (i.e. wind and other noises), only the nulls 
and maximum intensity peaks between the nulls were recorded (the nulls being the circles). 
Note while the sound meter gives us a numerical intensity value, it was greatly affected by 
ambient noise and thus the recorded levels were not as consistent as we had hoped for. But, 
the important thing was that the amplitude of the main peak was significantly larger than the 
minor peaks, and it was easy to detect the null locations. It should be pointed out that one 
reason we were able to definitely note the null locations is because in the presence of a single 
tone, the human ear can ignore the background noise, but sharply notices the absence of a 
tone.  Again, for a student to hear a relatively loud tone and then have it go completely away in 
a matter of inches makes a powerful impression about phased array systems.  

Figure 5:  A polar plot of acoustic power 
versus angle for speaker array driven by 1 
kHz audio signal.  The arrows indicate the 
observed location of the nulls. The solid line 
curve is the theoretical pattern. 
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Figure 3: Radiation pattern from an 
8 element array with Δ= λ/4 spacing. 
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Figure 6.  Acoustic power versus 
horizontal distance for a speaker array 
driven by a 600 Hz audio signal.  
Distance is relative to the center of the 
array.  Circles indicate null points. 

D.  SIMULATED RADIATION PATTERN 
  
If we were to plot                    for                we would get a 
major lobe at               and some minor lobes and nulls each 
side of              . This is shown in Figure 3. The plot confirms 
how a phase array gives you a tremendous gain since the front 
to side ratio is relatively large, even if we include the minor 
peaks on the sides.  Note you can also plot the pattern in the 
rear direction or                           and you will get a similar 
pattern as the one in the forward direction. Thus the forward 
and rear patterns are symmetrical and thus the front to back 
ratio is 1. Thus this particular phased array has no advantage if 
you want to focus your energy only the forward direction. 
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APPENDIX 
DERIVATION OF THE RELATIONSHIP BETWEEN PHASE AND TIME DELAY 

In the parlance of antennas, we talk about phases, and how antennas excited by the right phase angles causes constructive 
interference which focuses the energy in a given direction and thus we increase our effective radiated power (ERP).    
In some communication circles, particular cell phone technology, we speak of multipath and how signals arriving at different 
times can exhibit constructive or destructive interference.  Let’s relate phase differences to time delays. 
Repeating what we said earlier, our radiated wave is expressed as                                                                                        (8) 
 
Expressing Eq. (8) in terms of time delays, we have                                               where the phase is  
With                                            and distance  
 
 
We can express our distance as in terms of fractions and /or multiples of a wavelength such that  
 
We use this relationship in above Eqs. (1-3). 
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